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The individual parts of the total angular momentum operator in interacting theories cannot satisfy
the canonical angular momentum commutation rule, including those proposed in the above paper.
Furthermore, the operators in the new proposal a) are non-local in general gauge, b) do not have
proper Lorentz transformation properties, and c) do not have any known physical measurements.
In a recent article [1], Chen et al. claim to have solved
a “long-standing gauge-invariance problem of the nucleon
spin structure” and “this was previously thought to be an
impossible task.” In this comment, I would like to point
out that the solution proposed in [1] is less satisfactory
than the authors have thought.
According to [1], the long-standing problem is to find
out the appropriate operators for the spin and orbital an-
gular momentum (OAM) of the quark and gluon fields.
A careful reading of the paper finds two specific condi-
tions: 1) gauge invariance and 2) individual parts obey-
ing the angular momentum algebra, [Ji, Jj ] = i~ǫijkJk.
The first condition is of course a must, but the second
requirement is an “impossible task” in interacting quan-
tum field theories (QFTs), and the operators proposed
in Ref. [1] certainly do not satisfy this, contrary to their
claim. The argument is relatively simple:
The total angular momentum operators ~J of any
Lorentz-invariant field theory obey the angular momen-
tum algebra. However, when breaking them into sums of
parts, ~J =
∑
i
~Ji(µ), ~Ji(µ) are not conserved and hence
depend on the renormalization scale µ when non-trivial
interactions are present. Therefore, even when ~Ji(µ) sat-
isfy the angular momentum relations at µ1, they ought be
violated at scale µ2 as both sides of the equation neces-
sarily have different µ dependence. Since there is no one
scale more superior than other, the angular momentum
relations for the individual parts are generally untrue.
This is the case even for ψ†
~Σ
2
ψ because the singlet axial
current is not conserved and has an anomalous dimension
due to the well-known Adler-Bell-Jackiw anomaly [2].
Now turn to the more delicate issue of gauge invari-
ance. Chen et al. proposed a new gauge-invariant rep-
resentation of the QED and QCD angular momenta [1].
However, what they regard as “gauge-invariant” oper-
ators are not the usual textbook type, and the new no-
tion of gauge invariance clashes with locality and Lorentz
symmetry, and ultimately has limited physical signifi-
cance and value.
First, the so-called “physical” part of the gauge poten-
tial defined in Ref. [1] has the following manifest non-
local solution,
~Aphys = ~A−
~∇
∇2
~∇ · ~A (1)
Thus the quark orbital angular momentum (OAM), the
gluon spin, and gluon OAM as they defined, although
formally gauge-invariant, are all non-local operators of
the gauge potential. In local QFT’s, the gauge symme-
try impose important constraints, however, if locality is
ignored, many quantities can be made trivially gauge-
invariant by simply adding a gauge link to infinity.
A more serious problem is Lorentz symmetry: If a
gauge potential ~Aphys satisfies the “physical condition”
in one frame ~∇ · ~Aphys = 0, the transformed potential no
longer satisfies the condition ~∇′ · ~A′phys 6= 0 in a different
frame. Thus, observables in terms of the “physical part”
of ~A in one frame will in general contain non-physical
contribution as seen by different observers! Moreover,
these non-local observables do not in general transform
as Lorentz scalar, vector, or tensor. To give a specific
example, the matrix element of the gluon spin operator∫
d3x~E × ~Aphys in [1] depends on the speed of the par-
ent hadron, even when measured in helicity eigenstates.
There is no transformation rule relating the spin matrix
elements of different frames, making the notion of gluon
spin contribution non-intrinsic and less physical.
Gauge theories in the textbooks construct physical ob-
servables as gauge-invariant local operators. When solv-
ing a specific problem, such as hydrogen atom, one can
choose a particular reference of frame and gauge, the
wave functions (electron’s or photon multipoles) are obvi-
ously gauge-dependent, but the true physical observables
calculated from them are not and transform properly un-
der Lorentz transformation. An example for QCD angu-
lar momentum is what has been considered in Ref. [3].
Ultimately, the physics is learnt only when there are real
experimental measurements so that one can compare the-
oretical calculations with data. If operators constructed
are fundamentally unsound, it is doubtful that any ex-
periment can ever be found to measure their matrix ele-
ments.
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